a
Introduction
Einstein gravity theory is a great success to explain how the matters(more precisely their energy and momenta) affect their space time that they are sitting in. The Mercury's perihelion advance in our solar system, the gravitational lensing and so on are the unavoidable facts that we can observe from the sky and they show that Einstein's gravity must be correct. Moreover, recently, the gravitational waves are detected, which are expected by a weak field expansion of the Einstein equations(The linearized Einstein gravity). Somehow, there is no reason that we do not accept the Einstein gravity as a well designed classical theory which perfectly describe the gravitational effects in our world. However, the wave-particle duality in quantum mechanics leads this well designed theory to puzzles. Does graviton exist? Quantum field theory provides reasonable processes which quantize the fields and the results are appearance of quanta with definite energy and momenta, which we call "particle". These particles interplay with themselves or the other particles and give probabilities or interaction strengths that the particles effectively interact one another. If the graviton exists, then does it provide an effective gravitational theory? Does this theory is the Einstein gravity or another? Which theory should be a right candidate for the quantum gravity? So far, no one can answer these questions.
The first try to quantize the gravitational theory is to quantize the Firez-Pauli action with/without the gravitational mass. In [7] , Fierz and Pauli discuss what kind of spin 2 field action gives transverseness and relativistic dispersion relation to the fields in the level of its equation of motion. It turns out that Fierz-Pauli action with/without its mass term in the flat background does. In fact, the action for the gravitational waves from the quadratic truncation of the weak field expansion of the Einstein-Hilbert action are transverse and show null propagation.
Another issue to quantize the gravitational fields is the ghost problem. In [1] , the authors discuss the condition that the Hamiltonian of the spin 2 fields becomes positive definite. The Firez Pauli action is the unique action without ghost and tachyon states with/without mass terms.
The linearized gravity looks perfect as a candidate for quantum gravity, but it cause some problems when the interactions are taken into account [10] . For example, the massless Fierz Pauli action enjoys diffeomorphism invariance and it fixes the self interactions and the interactions with matters. It turns out that it is non renormalizable from 2 loop diagrams.
To circumvent these difficulties, people try many of the other types of quantum gravities. One of the directions as such is studies on quantum gravities in de sitter background. In fact, we are living in de sitter space. The cosmological constant of our universe is very small(< (10 −9 MeV) 4 ) and positive and our universe is expanding. Followed by these facts, there have been many of tries to get gravitational field propagator in de sitter space [11, 12] of the linearized Einstein gravity.
Partially massless gravity is a massive gravity theory in de sitter space, defined at a special point of the parameter space of the gravitational mass "m" and the cosmological constant "Λ". When one adds the mass term to the Fierz Pauli action, it breaks the diffeomorphism invariance of the theory. However, when the mass m = 2Λ 3 in the de sitter background, there is a non compact U(1) symmetry enhanced and this play some roles.
Massless Fierz Pauli action has 2 degrees of freedom, which are traceless transverse tensors. This is due to the general covariance or diffeomorphism invariance. However, the massive Fierz Pauli action has 5 degrees of freedom, which contains 2 transverse vector dof and 1 scalar dof together with the 2 tensor dof. Normally, this scalar degree of freedom causes negative energy states since the action for this is not a two derivative one but contains higher order time derivatives [8] .
In fact, the partially massless condition, m =
2Λ 3
eliminates the scalar degree of freedom. When the U(1) gauge symmetry is enhanced, the scalar mode is no longer a real degree but it becomes gauge degree of freedom. One can eliminate this by a gauge choice. Therefore, it turns out that partially massless gravity theory contains 4 healthy degrees of freedom.
However, non-linear extensions of the partially massless gravity theory faces very serious problems [13] . One of the problems is the following. If one adds non-linear(multi-point interaction) terms to the PM action as ∼ √ g d 4 x h n µν (x), where n > 2, the U(1) gauge symmetry is manifestly broken. To understand why it is so, let us look at quantum electrodynamics(QED). QED contains massless vector fields A µ which enjoy U(1) gauge symmetry. If one adds either their mass terms or multi-point interaction terms(without gauge covariant derivatives in them)
n , where n ≥ 1, the gauge symmetry is broken manifestly. In fact, there is no self-interactions between the gauge fields in QED.
One may add interaction terms containing gauge covariant derivatives. However, these provide higher order time derivatives to the theory. In general the Hamiltonian(or energy)of such a theory is not bounded from below, namely one cannot find vacuum states of the theory [8] . It is open called ghost problem, where particles with negative energy states appear.
The situation in PM gravity theory is more or less like this. In the many of the literatures, there are attempts to add interaction terms without derivatives in them but it turns out that they are all failed. Even though there are such restrictions, the U(1) gauge fields show interactions in QED. Rather than adding their self interaction terms, the gauge fields interact with fermion fields. As long as the fermion current is conserved, the gauge symmetry is retained. However, the fermion current conservation is hold only for the on-shell fields since the Noether charge is conserved upto the equation of motion. To request the U(1) gauge symmetry for the off-shell fields, the fermion fields need to transform properly under the gauge transformation. In fact, the fermion phase changes under it.
Partially massless theories enjoy the similar property. By observing the similarity between QED and PM gravity theories, one probably realize that developing gravitational selfinteraction must violate the U(1) gauge symmetry that PM gravity has. Rather than this way, one needs to construct interactions between the PM gravitational fields and matter fields.
More precisely, the U(1) gauge symmetry transform of the PM gravitational fields is given by
where ∇ is the covariant derivative with the de sitter metric and where the φ is gauge parameter. When the PM gravitational fields interact with matter fields, the transform becomes symmetry only when the matter current is conserved as
However, the matter current is conserved only when they are on-shell as discussed. Therefore one needs to develop an appropriate transformation of the matter fields so that this becomes a symmetry without requesting their current conservation. The first issue that we raise in this note is a development of the matter field transformations. We show that the matter field transformation is non-local one in general. We can see this due to the fact that we confront a contradiction if we suppose that both of the φ and the ζ I are local parameters where the ζ I is the transformation parameter of the matter fields. For the PM transformation to be a symmetry, a certain relation between ζ I and φ should come into existence, namely ζ I = ζ I (φ). The relation has a fractional form and in general the denominator cannot be removed by canceling the common factors of the numerator and the denominator. The denominator contains certain amount of derivatives which means the transformation does have integrations in it.
The non-locality does not mean that the transformation is ill-defined. For example electricmagnetic duality transformation is non-local transformation and well-defined [2, 3, 4, 6] . It is given by δ E = ε∇ × A and δ A = ε∇
where the ε is an infinitesimal transformation parameter. On the right hand side of the second relation in (3), there is ∇ −2 operator in it which means the transform is non-local. We admit the non-local property of the matter field transformation and try to get the precise form of them. For concreteness, we concentrate on the massless scalar and electromagnetic fields(U(1) vector fields) 3 . The result is listed in the section 3. In section 3, we show that in general the matter transformation is non local. After this, we develop a transformation of the matter fields together with the partially massless symmetry transform which makes the full action invariant. Moreover, we try to construct a gauge invariant(or covariant) derivative for the theory in the last part of the section.
In the section 4, we construct quantizations of the (free) traceless tensor modes and the transverse vector modes. The traceless tensor modes show null propagation and its quantization process is pretty much standard. However, the transverse vector modes are rather peculiar in the following senses. First, it shows a unusual dispersion relation and it changes as the Universe evolves. Moreover, the dispersion relation tells us that the vector particle with the higher momentum travels faster. We call this effect "conformal prism". We construct the quantization of the vector fields and it turns out that the quantization scheme depends on the age of the Universe. We note that in [14] , the partially massless particles all show null propagation. This is true in a sense that as we will show, the vector and tensor mode enjoy time rescaling invariance and so in some frame of time they show null propagations. However, we need choose our gauge of such a symmetry to fix the time since we need to define our vacuum uniquely. When we choose the conformal time, the traceless tensor mode travels in the speed of light but the transverse vector mode does not. For the detailed discussion of the quantization, look at section 4.
A short review of partially massless gravity
In usual quantum field theories, one may evaluate free propagators with a quadratic action(free fields action) before considering their interactions with the other fields(or themselves). However, the gravitational fields provides infinite number of the self interaction terms, when one considers a weak field expansion of Einstein-Hilbert action. Maybe it is more likely to consider the Einstein-Hilbert action as a quantum effective theory rather than to treat that as a genuine quantum field theory acton.
However, the Einstein-Hilbert action provides a good motivation for the free theory of gravitation. In fact, there are many of literatures studying the quadratic truncation of the weak expansion of the Einstein-Hilbert action (together) with/without the gravitational mass term. One of the main issue that the authors discuss is how to get the ghost free Lagrangian density.
One of the candidates showing ghost-free two point correlators is the partially massless gravity theory, which provides healthy 4-dgrees of freedom(dof), which are 2-tensor dof and 2-vector dof. The partially massless gravity theory is based on the Firez-Pauli action with a certain mass term and their interaction with matter fields. We consider the following action,
where the background geometry is maximally symmetric and in fact it is given by de sitter space satisfying
and the Λ is the cosmological constant being positive. The de sitter space metric we will use is given by
where d x
By defining the conformal time as dt = dte
t , the metric is given by
where −∞ < t < 0.
4
One of the good properties of this theory is that when
, a new (non-compact) U(1) gauge symmetry is enhanced and the action is invariant under the symmetry transform as
under one condition that the stress energy tensor satisfies
3 Gauge symmetry on the matter fields
The partially massless symmetry is a certain combination of the diffeomorphism and Weyl transformation. In massive gravity theory, none of them are not symmetry. However, for the spatial value of the gravitational mass, this becomes symmetry. We learn from this that Weyl transformation has a role for the symmetry. If PM gravity theory couples matters, the symmetry is still retained only when the conservation equation of the energy momentum tensor is satisfied. The energy momentum conservation is hold only for the on-shell fields. Therefore, if one wants to construct a quantum theory being 4 One may also use a static coordinate as
but we will use (7) in this note.
coupled to matters, the matter fields transform in appropriate way under such transformation. It turns out that the transformation rule is non linear in the matter and PM-gravitational fields even at the level of infinitesimal transformation. There are some of issues to discuss for the construction of the symmetry transform. Firstly, we discuss the non locality of it. Suppose the matter fields enjoy a local transforms as
, where the index I denotes any indices that the matter fields carry. The full action S is given by
We want that the full action, S is invariant under (
). Consequently, the variation of the full action is given by
where
. Even though we start with local parameters of φ and ζ I , at least one of them becomes non local to achieve the invariance. Namely,
where on the denominator of the transform rule contains covariant derivatives. The inverse of derivatives can be interpreted as an integration, which means that it has a non local term. Maybe we cannot avoid the non locality for the construction of the symmetry transform. Therefore, we develop the non local property of the transformation and see how the situation goes on.
The matter fields transformation construction To be more precise, consider massless scalar fields coupled to PM gravity theory. Its kinetic part of the Lagrangian density and interaction with the the gravitational fields are given by
Now we consider a QED like field transformation. Under the U(1) gauge transformation, the phase of the fermionic fields changes in QED. However, the fields in this game are all real. Therefore, we demand that
where M ν µ (x α ) is arbitrary 4×4 matrix which to be determined. Absolutely this causes non local transform of the fundamental field φ as
or equivalently
At this stage, just consider its infinitesimal transformation as
The condition of invariance of the matter action provides that
The solution of this condition is given by
From the analysis above, we have seen, at least in the case of the scalar matter field, that we might be able to realize a QED-like transformation on the matter field according to the PM transformation.
It is possible to extend this analysis to the case of a vector matter field. Consider the case where PM gravity is sourced by a vector field as the following,
where the energy-momentum tensor now takes the form
and
Under the PM transformation, suppose that the vector field transforms according to the following:
Similar to the scalar field case, this transformation results in a nonlocal transformation on the field A µ . Now suppose that M µν αβ can be expressed infinitesimally as
Under such a change, the field strength tensor transforms as
We require that the interaction Lagrangian density, (22) is invariant under this transform together with the PM transformation, which gives that following condition,
[µν]
From this condition we conclude that only ǫ [ρσ] [µν] , which is antisymmetric in µ, ν and in ρ, σ, contributes to this condition. The solution for ǫ ρσ µν is
Construction of gauge invariant(or covariant) derivatives Consider a matter action,
where M µαβ contains all possible combination of 3-rank tensors with ∂ µ Φ and h µν 5 . The M µαβ is given by
The Φ is a complex scalar field and a i , b i and c i are complex numbers. One can rewrite M µαβ as
5 One can consider the following form of the matter action too:
to take out the factor ∂ ρ Φ from the M µαβ . Then,
Now one request the factor, M µαβ is invariant(or covariant) under the transformation,
namely, δ M ρ µαβ ∂ ρ Φ = 0. If we restrict the transformation to an infinitesimal one, it gives the following condition:
For an example related to the above discussion, we consider the scalar matter action as
which is obtained by weak gravitational field expansion of
upto its quadratic order, namely, g µν → g µν + h µν . With a choice of a 1 = 1 and a 2 = a 3 = 0, the other constants are determined as
or
4 Solutions of the equations of motion and their quantization
Mode decomposition and the equations of motion
To get the actions and the equations of motion of the partially massless gravitational fields, we decompose the fields h µν as
, where we use δ ij to contract the spacial indices i, j and so on.
The traceless tensor modes
The tensor mode action The tensor action is given by
The equation of motion for the tensor mode is
Mode solutions of the equations of motion We use H ij for h T T ij for convenience. The solution of the traceless tensor modes is given by
where a ij is an arbitrary momentum k depending coefficent and u k (t) is the mode solution which is given by
The second term in the solution(53) is the Hermitian conjugate of the first term which ensures reality of the solution. We define an inner product among them, which is given by
where h is the determinant of the spacelike hypersurface of the metric h ij , which is given by
and the timelike normal vector is chosen as
Quantization of the tensor modes For the quantization of the traceless transverse tensor mode of the solutions, it is requested that
where the P ij is the canonical conjugate of the fields H ij and the structure constant f ij,kl has properties as
to ensure that the quantum fields are traceless and transverse. In fact, the structure constant is given by
in momentum space, where Π ij is the projection operator which is given by
We define the creation and annihilation operators as
then those satisfy the following commutation relation:
The Hamiltonian operator in terms of the creation and annihilation operators is given by
The two point correlators The two point correlation function of the transverse traceless tensor fields, H ij (k, t) is given by
The tensor mode propagator in the frequency space We apply a Fourier transform from a real time to a frequency space by using the mode solution that we obtained previously as
To see the details of the divergence pieces from the time integral, we take its principle value as
Then, the tensor mode action S T is given by
Inside the square bracket, the first term being proportional to δ-function is the usual kernel for the free propagator. The second term is unusual and we show that it vanishes.
To compute the term, we utilize stationary phase approximation. In the T → ∞ limit, the function, 1 − cos(ω + ω ′ )T oscillates very rapid in ω + ω ′ and we assume that the other functions multiplied on that changes very slow relative to it. For the detailed discussion, we introduce the other variables for the frequency integration as
Since the Jacobian of the transformation is 1, the frequency integration of the second term is given by
The kernel of the integrand is an odd function in x and we find the extrema of the function. First, find the extrema of
The condition for this is approximately given by
π by assuming that the other functions are slowly varying where n ∈ Z. Think of the nearest extrema from x = 0, n = 0 and − 1, which are located at
. By using the stationary phase approximation, (70) becomes
The same argument is applied to the other extrema and it turns out that they give null effect in the action.
Adding boundary terms as a regulator The third term in the action is divergent as ǫ → 0. Even though it is divergent, a physical interpretation comes to understand that term. As the de sitter space expands, the term proportional to cosmological constant and gravitational mass grows. In fact, they are proportional to its proper volume
where V 3 is the coordinate volume of the space.
However, such interpretation is inconsistent with the result in [14] . In [14] , the partially massless spin 2 fields travel in the speed of light. In fact, the infinite mass term ∼ 1 ǫ can be eliminated by adding appropriate boundary terms at both t = −ǫ and t = −T . This is given by
The transverse vector modes
The transverse vector modes action and their equations of motion The transverse vector modes action is given by
and their equations of motion are
where the dot, "·" denotes the time derivative. B T,j is not a dynamical variable and we remove this field by using its equation of motion(73). The action is that only for the field, E T j . We obtain that action in momentum space by using Fourier transform as
and the equation of motion is
Null propagation of the vector modes As addressed in [14] , the partially massless fields travel in the speed of light. To see this, we define
then the vector modes action transforms into a new field and time variable frame as
It is definite that the vector modes propagate along the null cone in this frame. This is due to the scale invariance, a particular direction of the de sitter symmetry group. However, if one quantize this partially massless system, this in no longer true. Since the traceless tensor and the vector mode should share the same vacuum to create and annihilate their quanta. Since the Hamiltonian depends on the choice of time, in the time t-coordinate(conformal time), the vector mode is not light-like particle. In other words, in the time frame T , the tensor modes are not light-like.
More on the vector modes More careful observation on the vector mode action(75), one realize that its Lagrangian density is the same form as the tensor's upto a time dependent overall factor multiplied on it. The overall factor is 1 2+k 2 t 2 . Tensor mode action can be mapped to a theory in the effectively flat space(in fact, it is a half of the flat space since −∞ < t < 0). One can perform another field redefinition for the vector modes and find that it is a theory in the effective (half) flat space with time dependent potential. The transformation is given by
With such a field redefinition, we get
where the time dependent potential, V (|k|t) is given by
The potential vanishes as t → −∞ and V (0) = 1 8 . By observing the Lagrangian density of the fieldĒ i (t, k), it is massless field in the very early time(at t = −∞). However, its dispersion relation may change as time goes by. In fact, in the very late time of the universe (near t = 0), its dispersion relation becomes
In fact, the solution of the equation of motion of the fieldĒ i (t, k) can be obtained by looking at the solution of the primitive field, E i (t, k), which is
Since the factor in front of the exponential part in the solution is complex, it given extra phase. Therefore, we rewrite this in terms of its argument and modulus. Then, the solution becomes
Its instant frequency at the given time t is obtained by ω(t) =
dΩ(t) dt
, where the Ω = |k|t − tan
is the phase factor of the solution. The instant frequency is given by
which certify the dispersion relations in the very early and late time that we mention.
In the previous subsection, we discuss that the tensor mode's dispersion relation is that of a massless particle. This is probably right. The gravitational wave is observed recently and it travels (almost) at the speed of light. Partially massless gravity ensures this.
However, the vector modes show a different behavior. Its speed depends on the age of our Universe. If one can measure the speed of the vector parts of the gravitational waves, then one might know whether PM gravity is correct or ruled out. In other way to interpret it is that maybe PM gravity theory is correct and the dispersion relation tells us when we measure the vector particles.
Another aspect of the vector mode is that the speed of the vector particle depends on its momenta. We call this effect "conformal prism" or "de sitter prism". In fact, high frequency mode travels faster than the low frequency mode in a given time.
Finally, the speed of the vector mode is bounded from below with v = c 2 (50% of c), namely no less than that, where c is the speed of light.
Mode solutions and their normalization
The mode solution of the transverse vector modes are given by
The mode solutions satisfy the normalization condition as
where the nontrivial weight ρ(k, t) = 1 1+
. The most general solution of the vector fields are
Namely,
where E i (t, k) is the solution in momentum space.
Quntization of the vector modes The conjugate momentum for E i obtained by variation of the action (75) is
We request the quantization rule as
which give rise to the commutation relations between the creation and the annihilation operators as
and the other commutators vanish. One can define a creation and an annihilation operator spin summed as
then they satisfy
Vector modes Hamiltonian and creation of the quanta The Hamiltonian obtained from the action(80) by removing its boundary terms is given by
where we promote the a(k) and a † (k) to the annihilation and the creation operator respectively. The Hamiltonian is time dependent and in the very early time as t = −∞, it is given by
However, in gneral, this becomes
The positive real functions F (t, k), G(t, k) and the real functions θ F (t, k), θ G (t, k) are given by
Finally, the commutator between b(k, t) and b † (k, t) are given by
A Appendices
A.1 Decomposition of the modes of gravitational fields in generic D dimensions
The theory that we consider is the massive Fierz-Pauli action coupled a to U(1)-gauge field. The action is given by
where h µν is a symmetric (real) tensor and we discuss this in the D-dimensional spacetime where h µν itself has
degrees of freedom(dof) (its dof in 4-dimension is 10). To analyze this theory, we employ Stuckelburg trick as
where the (real)vector fields A µ and the (real)scalar field φ are called the Stuckelburg fields. The A µ and φ are the most general fields(no restrictions on them yet). Therefore, A µ contain D dofs and the φ has 1 dof. Moreover, the last part in Eq. (106) is introduced to diagonalize the h − φ kinetic mixing in the action and to reveal the φ kinetic term. The right side of Eq. (106) is invariant under the following transform:
Moreover, the A µ -replacement in Eq. (106) leaves the first two lines of the action invariant (on-shell). Therefore, once we replace h µν by the Stuckelburg fields, the replaced parts become
φḡ µν . According to the Stuckelburg trick, we compute each term in the first line in the action as follows,
By utilizing the above facts, the first two lines in the action are given by
The second line of the action is expanded as belows. The last term in the action is given by
where T ≡ T µ µ . The mass term is given by
For the de sitter space,
By utilizing the fact that
one can show
Then the φA− mixing terms are given by
Next we check the φh − mixing terms, which are given by
The A µ kinetic and mass terms are
where for the second line, we use an identity as
The scalar kinetic terms are given by
where we use the following identity:
To sum up, the whole action after the replacement is as follows, is known as a partially-massless gravity.
A.2 Equation of motion for the gravitational fields and their mode decomposition
The partially massless graviton equation of motion is given by
• EOM for φ:
• EOM for A µ :
• EOM for h µν :
When we operate ∇ ν on the both sides of the Eq. (132), we get
It can be easily shown that the trace of Eq. (133) is the same with this equation. Acting ∇ µ on the both sides of Eq. (133) reproduces Eq. (132). To show this, we utilize the following identities:
where the arrows means that we use the properties of de Sitter space.
The equations of motion and the action enjoy the following gauge symmetry: Up to this point, we have seen the equations of motion and the gauge structures of this theory in covariant forms (in D dimensions). To explicitly realize how the gauge symmetry projects out some degrees of freedom, leaving only dynamical degrees of freedom, we may consider this theory in 4 dimensions in the next section.
A.3 Calculation using conformal transformation and 3 + 1 decomposition
Before explicitly realizing how the gauge symmetry projects out the non-physical degrees of freedom, we can first consider the PM gravity from another approach. Since in this study we chose a specific coordinate to represent the de-Sitter metric so that it appears to be conformal to the Minkowski metric, we can alternatively consider the PM action by the conformal transformation which can be found in general GR textbooks. We first consider an EinsteinHilbert action with cosmological constant and the Fierz-Pauli mass term on a generic spacetime denoted byg µν ,
whereR is a Ricci scalar corresponding tog µν , the mass term is defined on a backgroundg 0 µν , and the tensor fieldh µν ≡g µν −g 0 µν . In the case thatg µν is related to G µν by a conformal transformation, i.e.g µν = ω 2 G µν , then we have the following identity for the Ricci scalar,R, in generic D dimensions,
where R is a Ricci scalar corresponding to G µν and the covariant derivative ∇ µ is evaluated on G µν . Since we have chosen the de sitter background in the following form,
